Abstract. We describe a fast and accurate method to perform the convolution of a sky map with any asymmetric beam along any given complex scanning strategy. Although developped within the framework of Cosmic Microwave Background (CMB) observations, it can be used for any sky map that should be convolved with a complex beam shape. For a Planck-HFI instrument-like configuration, Asymfast is at least 50 times faster than more standard convolution algorithms for full-sky maps of 12.5 million pixels and even faster at higher resolution. In addition, Asymfast can be used to estimate the beam transfer functions of CMB instruments with non-symmetric beam. This is shown with realistic simulations and by comparison to analytic approximations which are available for Gaussian elliptical beams.
Introduction
The use of simulated maps of the sky is taking an important part in the analysis of astrophysical data sets to study possible systematic effects and noise contributions, and also, to compare the data to theoretical predictions or to observations from other instrumental setups. This leads to one of the most challenging problems in data analysis : obtainning a simple and accurate model for the instrumental response. In many cases, Monte-Carlo approaches are favoured as they are in general simpler than the analytic ones. However, they need a great number of simulations which requires often too much time of execution for the available computing facilities. A large amount of this time is spent in the convolution of the simulated data by the instrumental response or beam pattern. For a general asymmetric beam, the convolved map at a given pointing direction on the sky would depend both on the relative orientation of the beam on the sky and on the shape of the beam pattern. Therefore, either we perform an accurate but extremely slow brute force convolution in the real space or we model the beam pattern by an easy-todeal-with function and compute a faster convolution in the harmonic space. This is one of the main problems in the study of the Cosmic Microwave Background (CMB). Indeed, the systematic errors on the determination of the CMB power spectrum with current and future Send offprint requests to: tristram@lpsc.in2p3.fr experiments (Cosmosomas [Gallegos et al. 2001] , Boomerang [Netterfield et al. 2002] , Maxima [Hanany et al. 2000] , Archeops [Benoît et al. 2003 ], WMAP [Bennett et al. 2003] and Planck) are dominated at the smaller scales (higher multipoles, ℓ) by the uncertainties on the reconstruction of and deconvolution from the beam pattern which is normally represented by its transfer function, B ℓm , in the harmonic space. This is generally performed using Monte-Carlo simulations which reproduce observations of the CMB properly convolved by the beam pattern of the instrument.
To deal with realistic beams, i.e. non-Gaussian asymmetric ones, the brute force solution is a 2D standard convolution of the real beam along the scanning path. The computational cost for this method is huge : n beam ×n point operations where n beam is the number of pixels in the beam map (typically few thousands) and n point the number of elements of the pointing vector (typically few millions or even billions). Therefore, the brute force convolution cannot be used in Monte-Carlo simulations and one is forced to model the beam pattern by either a circular or an elliptical Gaussian which allow us to use faster convolution algorithms. Here we propose an alternative approach, Asymfast, by expanding any asymmetric beam in a sum of symmetric Gaussian functions permitting an accurate reconstruction of the original beam and fast convolution in the harmonic space. Asymfast is particularly well-adapted to asymmetric beam patterns and complex scanning strategies which are often use on CMB observations.
We decribe our approach in Sect. 2 and the simulations we used to check the accuracy and performance of the method in Sect. 3. Section 4 describes the symmetric expansion of the beam. In Sect. 5, we compare the accuracy of our method with respect to the elliptical Gaussian and the brute force approach. Sect. 6 discusses the timecomputing efficiency of the different convolution method considered. Finally, in Sect. 7, we describe a method to estimate the beam transfer function.
In the following, we will simply call Gaussian a 2D symmetric Gaussian function.
Method
Asymfast approaches any asymmetric beam by a linear combination of Gaussian functions centered at different locations within the original beam pattern.
The convolution is performed separetly for each Gaussian and then the convolved maps are combined into a single map. The map convolution with the Gaussian beams is computed in the spherical harmonic space. This allows us to perform the convolution in a particularly low time consuming way. By contrast, the standard convolution by an asymmetric beam needs to be performed in the real space for each of the time samples so that the relative orientation of the beam on the sky is properly taken into account for each pointing direction.
The Asymfast method can be described in five main steps :
1. The beam is decomposed into a weighted sum of N Gaussians. The number of Gaussians is chosen by minimazing residuals according to user-defined precision (see Sect. 4).
The initial map is oversampled
1 by a factor of 2 and convolved with each of the Gaussian functions. The sky map is decomposed into a ℓm coefficients in the harmonic space. Then, N sub-maps are computed, each of them smoothed with the corresponding Gaussian subbeam, by multiplying the a ℓm coefficients of the original sky map by the transfer functions of the Gaussian beams
3. The sub-maps are deprojected into timelines using the scanning strategy of the corresponding sub-beam position. 4. The N timelines are stacked into a single one weighted by their sub-beam amplitude. 5. The timeline obtained this way is projected onto the sky with the scanning strategy corresponding to the center of the beam pattern and we obtain the convolution of the original sky map with the fitted beam along the scan.
The HEALPix [Gorski et al. 1998 ] package is used to store maps (ring description), to compute the decomposition of the sky map in spherical harmonics (anafast) and to reconstruct maps from the a ℓm coefficients (synfast).
Beams and scanning strategy simulations
The method was checked using realistic simulations of a sky observation performed by an instrument with asymmetric beam pattern and complex scanning strategy. To keep the time consumption reasonnable within our computing capabilities without degrading the quality of the results, we have chosen beams with FWHM between 40 and 60 arcmin sampled by steps of 4 arcmin (square beam map of 60×60 pixels corresponding to 4×4 deg).
We consider two sets of simulations : a first one corresponding to a quasi-circular beam to which we have added 1 % (simulation 1a) and 10 % (simulation 1b) of noise, and a second one corresponding to an irregular beam to which we have also added noise in the same way (simulations 2a and 2b). These two sets are obtained from a sum of a random number of elliptical Gaussians with random positions within 0.4 degree around the center and random FWHMs and amplitudes. Then, the beams are smoothed with a 4 arcmin width Gaussian and white noise is added.
The scanning strategy is a set of meridians covering half an hemisphere of the sky. The number of hits per pixel is highly variable from equator to pole, ranging from 1 to about 8000 near the pole. This strategy allows an efficient check of the method as, close to the equator, all beams are parallel and the effect of the orientation is maximum. However, close to the pole, the high number of beams in different direction per pixel makes the effective beam more circular. We use about 6.5 million data samples with sampling of 3 arcmin over each meridian and a lag of 3 arcmin between two meridians.
For high-resolution instruments, like Planck, we should consider maps with resolution of the order of 1 arcmin. However, this would require too much computing time for brute force convolution. Instead, in this paper, we consider maps of the sky with pixel size of 24 arcmin which are stored in the HEALPix format (N side = 256). We have checked that the results obtained with Asymfast considering lower resolution maps with larger beams can be generalized to higher resolution maps with narrower beams.
Symmetric Gaussian expansion of the beam
We model the original beam pattern using N Gaussians, i ∈ {1, N }, of the form
The beam is fitted with a weighted sum of the N Gaussians :
so we have 4N free parameters corresponding to width, amplitude and center position of each Gaussian. The optimal value of N depends on the required precision. We perform the fit using 1 to 10 Gaussians (which is typically enough to attain residuals of the order of the noise level) and compute the quadratic deviation to the original beam pattern
where n p represents the total number of pixels, b f it N corresponds to the fitted beam with N Gaussians and b to the original beam pattern.
We consider now the two sets of simulations (simulations 1a, 1b, 2a and 2b) described in Sect 3. Figure 1 presents the main results for these two sets of simulations : the first two rows for simulations 1a and 1b, and the last two rows for simulations 2a and 2b. In each case, we have plotted, from left to right :
-the initial simulated beam pattern -the initial simulated beam pattern + noise -the quadratic deviation S as a function of the number of Gaussians N (the dotted line represents the number of Gaussians chosen for the final beam pattern model) -the best-fit model for the beam pattern -the residual map after substraction of the input noise -the histogram of the residual map including input noise, fitted to a Gaussian (in red) with residuals to the Gaussian (in blue)
The distribution of S(N ) is modelled by a decreasing exponential, exp(−τ N ), plus a constant k. The number of Gaussians N is chosen such that N is the smaller value verifying
where t is a threshold defined by the user for the required precision. Figure 1 shows that a small number of Gaussians is enough for a good fit (typically less than 10 Gaussians give less than 2 % residuals). In some cases, the algorithm does not converge and therefore no data point is plotted on the figure.
The efficiency of the fit is illustrated by the distributions of the residuals which are very close to the white noise distribution centered at zero with the dispersion corresponding to the level of the input noise. Note also that the reconstructed beams are marginally sensitive to the noise level.
Once the Gausssians parameters have been estimated, map simulations using any pointing strategy can be done quickly and precisely.
Accuracy of the Asymfast method
In this section, we compare the accuracy of Asymfast to that of other common approaches including the modelling For this purpose, we have convolved, using the different methods described before, a map containing 26 point sources with the same amplitudes uniformly distributed over half an hemisphere. The level of accuracy for each of the former methods of convolution is estimated by computing the quadratic deviation of the convolved map obtained for that particular method with respect to the convolved map obtained by standard brute force convolution. Table 1 represents the quadratic deviation for each of the approached method as a percentage of the maximum of the original point-sources map. This quantity can be interpreted as the percentage of spurious noise introduced by the convolution method. In the case of quasicircular beams, Asymfast is 1.5 (resp. 6) more accurate than the elliptical (resp. circular) approximation. For more realistic irregular beams, Asymfast is about 4 (resp. 10) times more accurate than the elliptical (resp. circular) approach. Moreover Asymfast does neither depend much on the shape of the beam pattern nor on the noise level. Figure 2 shows, for the two sets of simulations considered (simulations 1a, 1b on the top panel and simulations 2a, 2b and the bottom panel), the histogram of the percentage of the quadratic deviation residual maps for the Asymfast (solid line), elliptical (dashed line) and circular (dotted line) approximations. The figure confirms the results shown in Table 1 , indicating that Asymfast is a very good approximation to both quasi-circular and irregular beams (residuals smaller than 5%). By contrast, the elliptical approximation can only be safely used in the case of quasi-circular beams (residuals about 20% for simulations 2). The circular approximation, as expected, is very poor in any case (residuals of the order 40%).
In conclusion, the Asymfast results are very close to the standard solution while the circular and elliptical Gaussian approximations are very poor for realistic beam patterns. In addition, the standard approach, which works in real-space, necessarily uses a beam pattern with fixed resolution. By contrast, Asymfast works in the spherical harmonic space where the resolution is only limited by the pixelisation of the sky map. Moreover, Asymfast can ob- Fig. 1 . Main results for the two sets of simulations described in Sect. 4 (first two rows simulations 1a and 1b, last two rows simulations 2a and 2b). From left to right for each row : the initial simulated beam pattern, id + noise, the quadratic deviation S as a function of the number of Gaussians, the best-fit model for the beam pattern, the residual map after substraction of the input noise and the histogram of the residual map including input noise. The dot blue lines show the computed number of Gaussian necessary to reproduce the initial simulated beam. The histogram of the residual map is fitted with a Gaussian (in red), the difference is shown in blue. tain full resolution in frequency with no mixing. Obtaining the same frequency resolution with standard convolution requires a full-sky beam pattern which increases considerably the computing time.
Time-computing efficiency of Asymfast vs standard convolution
As discussed in the following section, the determination in the spherical harmonic space of the effective circular transfer function of an asymmetric beam pattern, B ef f ℓ , requires a large number (of the order of 1000) of accurate Monte-Carlo simulations of fake data appropriately convolved by the instrument beam. Therefore, any algorithm used for this purpose need to be much faster than the standard convolution procedure to keep the computing time reasonable.
To quantify the time-computing efficiency of Asymfast, we consider n simu = 1000 Monte-Carlo simulations of a convolved full-sky map for a single Planck-like detector. We use a squared map of n beam = 3600 pixels to describe the beam pattern and simulated timelines for 12 months of Planck observations which correspond to n scan = 5 10 9 samples. With Asymfast, we model the beam pattern using N = 10 Gaussians. For each simulation, the total number of pixels 2 on the full-sky map is Table 2 . Computing-time, in terms of 10 6 arbitrary CPU-units, for circular beam convolution in the harmonic space using the HEALPix package, and for asymmetric beam convolution using Asymfast and standard convolution algorithms. We have considered a set of 1000 simulations as described in Sect. 6. n pix = 12 * N 2 side for three values of N side : 256, 512 and 1024 considered.
For these simulations, Table 2 shows the computingtime, in terms of arbitrary CPU-units, for circular beam convolution in the harmonic space using the HEALPix package, and for asymmetric beam convolution using Asymfast or standard convolution algorithms.
We observe that Asymfast is more than 50 times faster than the standard convolution for the high resolutions (N side = 512 ou 1024). This is because the convolution in the spherical harmonic space used by Asymfast is much faster than in real space. In addition, Asymfast is particularly efficient for Monte-Carlo purposes because the beam modelization and the computing of the pointing directions corresponding to each of the N sub-beam are performed only once.
Furthermore, for high resolutions, the Asymfast computing-time is just a factor of 2 larger than the computing-time needed for the convolution of N circular Gaussians in spherical harmonic space. The extra computing time with respect to the convolution of N circular Gaussians comes from the projection and the deprojection operations performed by Asymfast.
Finally, the difference in computing-time between Asymfast and the standard convolution also increases with the beam map resolution as the second method depends linearly on beam map number of pixels while Asymfast is very marginally sensitive to it, only at the beam fit step.
Application to CMB analysis : estimation of the beam transfer function B ℓ
An asymmetric beam is described in the spherical harmonic space by a set of coefficients b ℓm . The convolution of the sky with the beam pattern can then be performed in the spherical harmonic space by multipling the a ℓm coefficients by the b ℓm . However, the beam transfer function, b ℓm , depends on the orientation of the beam on the sky, i.e. depends on the scanning strategy, and therefore, in the case of complex scanning strategies we have to define an effective transfer function, b ef f ℓm . As the angular power spectrum of the CMB is a circular quantity, it is common to just consider an effective circular beam transfer func- Fig. 3 . Beam transfer functions and variations with respect to Asymfast for the two sets of simulations (simulations 1a, 1b, 2a and 2b) . The Monte-Carlo estimation using Asymfast described in Sect. 7 (solid line) is compared to the analytic transfer function of a circular approximation of the beam (semi-dashed line) and to the elliptical approximation from [Fosalba et al. 2002] (dashed line). The top panel represents the beam transfer functions whereas the bottom panel shows the differences to the Asymfast estimation for the other two approximations.
tion, B ef f ℓ . In this section, we describe how Asymfast can be used to estimate this effective circular transfer function for realistic asymmetric beams. Actually, in the case of uniform full-sky coverage we could also compute the non-circular effective transfer function, b ef f ℓm . For a circular Gaussian beam (angles θ and φ corresponding to the beam direction),
the beam transfer function is given [White 1992 ] by
Note that in this case, the beam transfer function does not depend on the orientation of the beam on the sky and is given by a simple analytical expression. For a moderate elliptical Gaussian beam pattern, we can compute an analytic approach [Fosalba et al. 2002] to the beam transfer function by introducing a small perturbation to Eq. 5 so that
where f (φ) describes the deviation from circularity. For general irregular asymmetric beams, the previous approximation is not well adapted and the orientation of the beam on the sky has to be taken into account. For this purpose, we estimate an effective beam transfer function, B ef f ℓ , from Monte-Carlo simulations which use the Asymfast method for convolution as follows :
1. We convolve CMB simulated maps by the beam pattern using Asymfast. 2. For each simulation, we estimate a B ef f ℓ inverting the equation [Hivon et al. 2002] 
where M ℓℓ ′ is the coupling kernel matrix that takes into account the non-uniform coverage of the sky map, C ℓ is the pseudo-power spectrum computed on the convolved map and C ℓ is the input theorical model. 3. We compute the effective transfer function of the beam, by averaging the B ef f ℓ obtained for each of the simulations.
We have tested this method on simulations of pure circular Gaussian beams for which we have obtained a beam transfer function fully compatible with Eq 6 as expected. Figure 3 shows the estimate of the effective beam transfer function B ef f ℓ for the two sets of beam simulations discussed in the previous sections (simulations 1a, 1b, 2a, 2b) using a Monte-Carlo of 25 simulations. The results of this Monte-Carlo (solid line) is compared to the analytic transfer function of a circular approximation of the beam (semi-dashed line) and to the elliptical approximation computed from [Fosalba et al. 2002] (dashed line). The top panel represents the beam transfer functions whereas the bottom panel shows the differences to the Asymfast estimation for both analytical approximations (circular, semi-dashed line and elliptical, dashed line).
As expected, for the quasi-circular beam (simulations 1a and 1b), the estimate transfer functions for the three methods are similar within 10 %. The differences observed between our approach and the elliptical approximation are mainly due to the fact that the latter does not take into account the scanning strategy. Due to the complex but realistic scanning strategy used in our simulations, we expect that, in general, a given position on the sky will be observed with different relative beam orientations and therefore the effective beam will appear more circular.
By contrast, for a more irregular beam pattern (simulations 2a and 2b), the differences between the three methods are much larger (from 10 % at low ℓ up to 70 % at high ℓ). The beam transfer function obtained using the elliptical approximation follows better the one obtained using Asymfast. We expect that the complex scanning strategy would make the effective beam more circular. However as the beam pattern is very asymmetric, the effective beam will contain complex highly irregular structures which cannot be mimicked by an oriented elliptical beam. Therefore, the largest differences are found at high resolution.
Note that the results presented here are also valid for higher resolution beams. For this paper, we have considered low resolution beams to be able to directly compare the Asymfast convolution to standard brute force convolution.
Conclusions
Asymfast is a fast and accurate convolution procedure particularly well-adapted to asymmetric beam patterns and complex scanning strategies which are often used in CMB observations. Asymfast can both produce convolved maps from input timelines and compute, from Monte-Carlo simulations, an accurate circular approximation to the transfer function, B ef f ℓ , of an asymmetric beam pattern. Asymfast models any general beam pattern by a linear combination of circular 2D Gaussians, permitting an accurate reconstruction of the instrumental beam, with residuals smaller than 1 % (compared to 4 % for an elliptical Gaussian model). In addition, Asymfast convolution is at least a factor of 50 faster than more standard convolution algorithms for full-sky maps of 12.5 million pixels and even faster at higher resolution. This allows us to perform a large number of Monte-Carlo simulations in a reasonable computing time to estimate accurately the effective circular transfer function of the beam pattern.
Note that Asymfast is a general convolution algorithm which can be also used successfully in many other astrophysical areas to reproduce the effects of asymmetric beam patterns on sky-maps and to compare observations from independant instruments which requires the crossconvolution of the datasets.
